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Abstract. Let F q [s] be the g-deformed Fock space of level I with multi-charge 
s = (si, . . . , si). Uglov defined canonical bases S ± (A, s) of F g [s] for ^-partitions A, 
and the polynomials A^ (q) 6 Z[g ± ] are defined as the coefficients of the transi- 
tion matrix between the canonical bases and the standard basis of F q [s] . In this 
paper, we prove a product formula for A^ (q) for certain Z-partitions A,//, which 
expresses A^ (g) as a product of such polynomials related to various smaller Fock 
spaces Fg[s™]. Yvonne conjectures that A^ (q) are related to the ^-decomposition 
| numbers dx^(q) of the cyclotomic "u-Schur algebra S(A), where the parameters 

£NJ ■ v, Qi, . ■ ■ , Qi are roots of unity in C determined from s. In our earlier work, we 

have proved a product formula for d\ ll (q) of S(A), and the product formula for 
£S) ■ A^ (q) is regarded as a counter-part of that formula for the case of the Fock space. 
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0. Introduction 



For a given integer I > 0, let II' be the set of /-partitions A = (\^\ . . . , A®). 
Here A« = (A? > > • ■ ■ ) is a partition for i = 1, . . . , I. We denote by 
|A| = J2\=i |A W |, and call it the size of A, where |A W | = £\ xf. For given integers 
I, n > 1 and an indeterminate q, we consider the g-deformed Fock space F 9 [s] of level 
I with multi-charge s = (s l5 . . . , sj) G Z> l5 which is a vector space over Q(q) with 
the standard basis {|A,s) | A G II'}, equipped with an action of the affine quantum 
group U q (sl n ). In [U], Uglov constructed the canonical bases G ± (X, s) for Fjs] with 
respect to U q (si n ), and for each A,/i G II', he defined a polynomial A x (q) G "" ]]L ' ±[] 
by the formula 

^ ± (A,s) = ^^(g)| / i,s), 
where Zi^ = unless |A| = |/i|. 



* Both authors would like to thank B. Leclerc for valuable discussions. 

1 



2 



SHOJI 



The cyclotomic f-Schur algebra S(A) with parameters v, Q 1 , . . . , Q t over a filed 
R, associated to H.n,i was introduced by Dipper- James-Mathas [DJM], where T~Cn,i 
is the Ariki-Koike algebra associated to the complex reflection group &n x (Z/ZZ)^. 
Let A + be the set of A G II' such that |A| = N. S(A) is a cellular algebra in the 
sense of Graham-Lehrer [GL] , and the Weyl module W x and its irreducible quotient 
L x are defined for each A G A + . The main problem in the representation theory of 
S(A) is the determination of the decomposition numbers [W x : L M ] for A,/tG A + . 
By making use of the Jantzen filtration of W x , the g-decomposition number dx^q) 
is defined, which is a polynomial analogue of the decomposition number, and we 
have dx^l) = [W x : L»}. ' 

Let p = (li, . . . , l g ) be a g-tuple of positive integers such that l\ + ■ ■ ■ + l g — I. 
For each fj, = (/i*- 1 - 1 , . . . , fj,®) G A + , one can associate a (/-tuple of multi-partitions 
(/jW, . . . , />!) by using p, where /i™ = (/i«, . . . , /i^),^ = (^ h+1 \ ^ h+l ^) 
and so on. We define a p (/x) = (iYi, . . . , iV ff ), where JVj = Hence for A, /i G 

a p (A) = « p (/i) means that |A^| = for 2 = 1, . . . ,g. Let S(A Ni ) be the cyclo- 
tomic f-Schur algebra associated to 'Hn 1 ,i 1 with parameters v, Q±\ . . . , Q\\ where 

Q [ l ] = Qi, . . . , Qi; ] = Q h , Qf = Q h+1 , Q? = Q h+ 2, ■■■■In [SW], the product for- 
mula for the decomposition numbers of S(A) was proved, and it was extended in 
[W] to the product formula for g-decomposition numbers, which is given as follows; 
for A,/i G A + such that a p (A) = a p (/i), we have 

9 

(*) d Xll {q) = H (g), 

i=i 

where d^w^ii] (?) is the g-decomposition number for S(A]\r i ). 

We assume that the parameters are given by (v; Qi, . . . , Q t ) = (£, £ Sl , . . . , £ Si ), 
where £ is a primitive n-th root of unity in C and s = (s 1; . . . , s/) is a multi-charge. 
For an integer M, we say that |A, s) is M-dominant if Sj — Sj+i > |A| + M for 
« = 1, ...,/ — 1. Yvonne [Y] gave a conjecture that dx^{q) coincides with Z\+ tAt (g) if 

|A, s) is 0-dominant, where are certain elements in A + induced from A,/i (see 

Remark 2.7). 

In view of Yvonne's conjecture, it is natural to expect a formula for At(q) 
as a counter-part for the Fock space of the product formula for dx^{q)- In fact, 
our result shows that it is certainly the case. We write s = (sW, . . . , s' 9 ') with 
s' 1 ^ = (si, ■ ■ ■ , S/J, s^l = (s/ 1+ i, . . . , si 1+ i 2 ), and so on. Let Fjs^] be the g-deformed 
Fock space of level Zj with multi-charge for % = 1, ... , p. Then one can define 
polynomials A^ [i} fi] (g) for Fjs^] similar to Fjs]. The main result in this paper is 

the following product formula (Theorem 2.9); assume that |A,s)is M-dominant for 
M > 2n. Then for A,/i G A + such that a p (A) = a p (/x), we have 



i=i 
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Yvonne's conjecture implies, by substituting q — 1, that [W x : I/*] = Z\ + tAt (l), 
which we call LLT-type conjecture. In the case where / = 1, i.e., the case where 
S (A) is the v-Schur algebra of type A, it is known by Varagnolo-Vasserot [VV] that 
LLT-type conjecture holds. By applying the formulas (*), (**) to the case where 
p = (1, . . . , 1), we obtain the following partial result for the conjecture; we consider 
the general S(A), but assume that |A^| = \pL^\ for i = 1,...,/. Then LLT-type 
conjecture holds (under a stronger dominance condition) for [W x : I/ 1 ]. 

This paper is organized as follows; in Section 1, we give a brief survey on the 
product formula for S(A) based on [SW], [W], which is a part of the first author's 
talk at the conference in Canberra, 2007. In Section 2 and 3, we prove the product 
formula (**) for the canonical bases of the Fock space. 



1. Product formula for the cyclotomic v-Schur algebra 

1.1. Let 7i = Ti,N,i be the Ariki-Koike algebra over an integral domain R 
associated to the complex reflection group W N j = &n k (Z//Z) jv with parameters 
v , Qi, . . . , Qi G R such that v is invertible, which is an associative algebra with 
generators T , T±, . . . , Tn-i and relations 

(T -go •••(T -go = o 

(Ti - v)(Ti + v^ 1 ) = fori = l,...,JV-l 

with other braid relations. The subalgebra generated by Ti, . . . , T/v-i is isomorphic 
to the Iwahori-Hecke algebra associated to the symmetric group &n, and has a basis 
{T w | w G &n}, where T w — T ix . . . T ir for a reduced expression w = . . . Si r . of w. 

An element ji = (fj,i, . . . , /i m ) G Z> is called a composition of consisting of 
m-parts, where = YlT=i A 4 *- A composition ji is called a partition if Li\ > ■ • • > 
H-m > 0. An /-tuple of compositions (resp. partitions) /i = ■ ■ . , /^) is called 
an /-composition (resp. an /-partition) of where \li\ = J2i l/^l- 

1.2. We define, following [DJM], a cyclotomic f-Schur algebra S(A) associated 
to H. Fix m = (mi,..., raj) G Z> and let A = A N j(m) (resp. A + = A^(m)) 

be the set of /-compositions (resp. /-partitions) /i = (fx^, . . . , //'**) of iV such that 
fx^ has mj-parts. For each fx £ A, we define an element m M G H as follows; define 
L k G H (1 < k < N) by L x = T and by L fc = T fc _iL fc _iT fc _i for fc = 2, . . . , TV. Then 
Li, . . . , L N commute each other. For each ii G A, we define a = a(/i) = (ai, . . . , a\) 
by Ofe = X^=i l/^l for /c = 2, . . . , /, and by ai = 0. Put 

l a-k 

fc=l i=l u>e6 M 

where /(u>) is the length of w G ©„, and <5 M is the Young subgroup of & n corre- 
sponding to ji. Then u+ commutes with x^, and we put = u+x^. 
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For each /x G A, we define a right 7i-module M'' by = m M 7i, and put 
M = 0^ eyl M M . Then the cyclotomic g-Schur algebra S(A) is defined as 

S(A) = End n M = Rom H (M",M u ). 

1.3. For each A G /1 + and /x G A, the notion of semistandard tableau of shape 
A and type /x was introduced by [DJM], extending the case of a partition A and a 
composition fi. We denote by Tq(X, /x) the set of semistandard tableau of shape A 
and type fi for A G /l + ,/x G A The notion of dominance order for partitions is also 
generalized for A, which we denote by fi <u. Note that %(X, fi) is empty unless 
A > fi. We put T (A) = U M€/1 ?~o(A, A*)- 

For each 5 G T (X,fi),T G 7^(A, z/), Dipper- James-Mathas [DJM] constructed 
an 7i-equivariant map ipsr '■ M v — ► M M . They showed that 5(A) is a cellular 
algebra, in the sense of Graham-Lehrer [GL] with cellular basis 

C(A) = {ipsr \S,Te T (A) for some A G A + }. 

1.4. Let p = (li, . . . , l g ) be a g-tuple of positive integers such that Yli=i h = 
I. For each \i = (fi^\ . . . ,fJ>®), one can associate a g-tuple of multi-compositions 
(/x' 1 ', . . . , fi^) by making use of p, where 

/iW = (/x«, . . . , /x^), ^ = (^Ci+i), . . . , ^Ci+fa)), .... 

For example assume that JV = 20, / = 5 and p = (2, 2, 1). Take /x = (21; 121; 32; l 3 ; 41). 
Then /x is written as fi = (/x^, /x' 2 ', /x®) with 

/xW = (21;121), ^ = (32; I s ), ^ = (41). 

For /x = (/x«, . . . , /x«) = (/xW, . . . , fiW) G A, put 

a p (/x) = (N 1 ,...,N g ), a p (/x) = (ai, . . . , a fl ), 

where iV fc = |/x^|, and a fe = Yli=i Ni for k = 1, g with a x = 0. 

Note that we often use the following relation. Take A = (A' 1 ', . . . , A' 3 '), /x = 
(/xW, . . . ,/x [sl ) G A Then a p (A) = a p (/x) if and only if |A W | = |/x [fc] | for Jfe = 1, . . . , g. 

1.5. Put 

C p = {<pst G C(A) | S G %(X,fi),Te %(X,is), 

a p (A) > a p (/x) if a p (/x) 7^ a p (i/), /x, i/ G A, A G 

where a p (A) = (ai, . . . , a g ) > a p (/x) = (61, . . . , b g ) if > for A; = 1, . . . , g, and 
a p (A) > a p (/x) if a p (A) > a p (/x) and a p (A) 7^ a p (/x). Let <S P be the i?-span of C p . 
Then by using the cellular structure, one can show that S p is a subalgebra of <S(A) 
containing the identity in 5(A). The algebra S p turns out to be a standardly based 
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algebra in the sense of Du-Rui [DR] with respect to the poset S p , where E p is a 
subset of A + x {0, 1} given by 

^=(/l + x{O,l})\{(A,l)|To(A,/i)=0 

for any /i G A such that a p (A) > a p (/i)}, 

and the partial order > on E p is defined as (Ai,£i) > (A 2 ,£ 2 ) if Ai > A 2 or Ai = A 2 
and E\ > e 2 . 



1.6. For each A G A + , /j, G A, we define a set ^, P (A, //) by 
T p (A,/i) = 



7^(A,/i) if a p (A) = a p (/i), 
otherwise, 



and putT p (A) = U Me/1 T p (A,/i). 

Let S p be the i?-submodule of S p spanned by 

C p = C p \{^st \S,Te T P (A) for some A G A + }. 

Then S p turns out to be a two-sided ideal of <S P . We denote by S P = S P (A) the 
quotient algebra S p /S p . Let n : S p — > 5 be the natural projection, and put 
9? = 7r(</?) for <£> G 5 P . One can show that S P is a cellular algebra with cellular basis 

C p = {^ ST |5,Te T P (A) for A G 

Thus we have constructed, for each p, a subalgebra 5 P of S(A) and its quotient 
algebra S P . So we are in the following situation, 

S p — 5— > 



5 P 

where t is an injection and 7r is a surjection. 

Remark 1.7. In the special case where p = (1,...,1), we have g — I, and 
^[k] _ ^(fe) for A; = 1, . . . , = Z. Moreover in this case <S P and S P coincide with the 
subalgebra <S°(m, N) and its quotient S(m,N) considered in [SawS] in connection 
with the Schur-Weyl duality between 7i and the quantum group U v (q), where q = 
Qlmi © • • • © 0l m; (cf. [SakS], [HS]). The other extreme case is p = (/), in which case 
S p and S P coincide with S(A). Thus in general S p are regarded as intermediate 
objects between S(A) and <S°(m, N). 

1.8. In the rest of this section, unless otherwise stated we assume that R is a 
field. By a general theory of cellular algebras, one can define, for each A G A + , the 
Weyl module W x and its irreducible quotient L x for S(A). Similarly, since S P is a 
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cellular algebra, we have the Weyl module Z and its irreducible quotient L . Note 
that S(A) (resp. S P ) is a quasi-hereditary algebra, and so the set {L x | A G A + } 
(resp. {L X | A G A + }) gives a complete set of representatives of irreducible S(A)- 
modules (resp. irreducible iS P -modules). 

On the other hand, by using the general theory of standardly based algebras, 
one can construct, for each r\ = (A, e) G A7 P , the Weyl module Z v , and its irreducible 
quotient V ] (if it is non-zero). Thus the set {L v | rj G E p , L v ^ 0} gives a complete 
set of representatives of irreducible iS p -modules. In the case where rj = (A, 0), we 
know more; L^ A ' ^ is always non-zero for A G A + , and the composition factors of 
are all of the form L^' ) for some /i G A + . We shall discuss the relations 
among the decomposition numbers 

[W X :L% (A) , [Z<*-°> : L<*V, \t :L% P . 

(In order to distinguish the decomposition numbers for S(A),S P and S P , we use the 
subscripts such as [W x : L^] S (a)). In the case where p = (1,...,1), Sawada [Sa] 
discussed these relations. Our result below is a generalization of his result for the 
general p. 

1.9. First we consider the relation between the decomposition numbers of S p 
and that of S P . Under the surjection 7r : S p — > S P , we regard an <S P -module as an 
£ p -module. We have the following lemma. 

Lemma 1.10. For A, fi G A + , we have 

(i) Z A ~ Z( A '°) as S p -modules. 

(ii) ~ L(^>°) as S p -modules. 
(hi) [Z A :IV = [Z( A '°) : L^' )]^. 

(iv) Assume that a p (A) 7^ a p (fi). Then we have [Z : L^]$p = 0. 

1.11. Next we consider the relationship between the decomposition numbers 
of S p and that of S(A). Under the injection 1 : S p <S(yl), we regard an 5(yl)- 
module as an iS p -module. The following proposition was first proved in [Sa] in the 
case where p = (1,1,. ..,1). A similar argument works also for a general p. 

Proposition 1.12. For each A G A + , there exists an isomorphism of S (A) -modules 

Z ix ^ ® SP S{A) ~ W x . 

By using Lemma 1.10 and Proposition 1.12, we have the following theorem, 
which is a generalization of [Sa, Th. 5.7]. In fact in the theorem, the inequality 

[Z (A,0) . L (M,0)] 5p < [W X . jL M] 5( ^ ) 

always holds, and the converse inequality holds only when « p (A) = Q; p (/x). 
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Theorem 1.13 ([SW, Th. 3.13]). For any A, fi E A + such that a p (X) = a p (fj), we 
have 

[Z X : L% P = [Z™ : L^>% P = [W x : L»] S[A) . 

1.14. In view of Theorem 1.13, the determination of the decomposition num- 
bers [W x : L^} is reduced to that of the decomposition numbers [Z : l/^gp for S P as 
far as the case where a p (A) = a p (/i). The algebra S P has a remarkable structure as 
the following formula shows. In order to state our result, we prepare some notation. 
For each N k E Z> , put A Nk = A NkA (m^) and A% k = ^(mM). (A Nk or A N + is 

regarded as the empty set if N k = 0.) For each //W g A Nk , the ^-module M^ [k] 
is defined as in the case of the 7i-module M M , and the cyclotomic g-Schur algebra 
S{A^ k ) associated to the Ariki-Koike algebra l~LN k ,i k is defined. The following the- 
orem was first proved in [SawS] for p = (1, 1, . . . , 1) under a certain condition on 
parameters. Here we don't need any assumption on parameters. 

Theorem 1.15 ([SW, Th. 4.15]). There exists an isomorphism of R- algebras 

S p ~ S(A Nl )®-.-®S(A Ng ). 

(Ni,...,N g ) 
N!+---+N g =N 

For AM,/iM E A+ k , let W x[k] be the Weyl module, and L" [k] be the irreducible 
module with respect to S(A Nk ). As a corollary to the theorem, we have 

Corollary 1.16. Let A, fi E A + . Then under the isomorphism in Theorem 1.15, we 
have the following. 

(i) z_ x ~w xll] ®---®w xl9] . 

(ii) V ~ Z/ m (8) ... (8) L» l3] . 

,. n ryA . (UUW XK : L» [ % (ANi) ifa p (X) = aM, 

(in) Z . L J 5 p = < 

I (J otherwise. 

Combining this with Theorem 1.13, we have the following product formula for 
the decomposition numbers of S(A). The special case where p = (1, . . . , 1) is due 
to [Sa, Cor. 5.10], (still under a certain condition on parameters). 

Theorem 1.17 ([SW, Theorem 4.17]). For A, pi E A + such that a p (X) = a p (fi), we 
have 

i=i 

1.18 By making use of the Jantzen filtration, we shall define a polynomial 
analogue of the decomposition numbers, namely for each A, /i E A + , we define a 
polynomial d\n(q) E Z[g] with indeterminate q such that g?a m (1) coincides with the 
decomposition number [W x : L^\s[a)- We define similar polynomials also in the case 
for S p and S P . 

We assume that R is a discrete valuation ring with the maximal ideal p, and 
let F = R/p be the quotient field. We fix parameters v,Q\,...,Qi in R, and let 
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v, Qi, . . . , Qi E F be their images under the natural map R — > R/p = F. Let S R = 
Sr(A) be the cyclotomic v-Schur algebra over R with parameters v, Qi, . . . , Q\, and 
S = S(A) be the cyclotomic f-Schur algebra over F with parameters v, Q\, . . . , Qi. 
Thus 5 ~ (Sr + p5^)/p5^. The algebras S^,S R over _R, and the algebras S P ,S 
over F are defined as before. Let Wr be the Weyl module of Sr, and let ( , ) be 
the canonical bilinear form on Wr arising from the cellular structure of S(A) R . For 
i — 0,1, ... , put 

W x (i) = {xeWk\ (x, y) E p* for any y £ W x } 
and define an F-vector space 

w x (i) = (w x (i)+pw x )/ P w x . 

Then W x (0) = W x is the Weyl module of S, and we have a filtration 

W x = W x (0) D W x (l) D W x {2) D • • • 

of W x , which is the Jantzen filtration of W x . 

Similarly, by using the cellular structure of S P , and by using the property of the 
standardly based algebra of S p , one can define the Jantzen nitrations, 

Z X = Z\0) D Z\l) D Z X (2) D • • • , 

Z (X,0) = Z (A,0)( ) D Z (A,0) (1) D Z (A,0)( 2 ) D . . . 

since W x (resp. Z( A '°\Z ) is a finite dimensional F-vector space, the Jantzen 
filtration gives a finite sequence. One sees that W x (i) is an 5-sub module of W x 

by the associativity of the bilinear form, and similarly for Z^' ^ and Z . Thus we 
define a polynomial d\^(q) by 

d^(v) = J2[W\t)/W X ( i +l):L^}q\ 

i>0 

where [M : L^] = [M : L M ]s denotes the multiplicity of in the composition series 
of the 5-module M as before. (In the notation below, we omit the subscripts S, 

etc.) Similarly, we define, for Z^ x '^ and Z X , 

J2[Z {X ' 0) (t)/Z^°\t + l):L^%\ 

i>0 

£[^)/z^ + i):ry. 

i>0 



«C(9) 
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d\^(q), d X/ l (q) and d\^(q) are polynomials in Z> [g] and we call them g-decomposition 

numbers. Note that d\^(l) coincides with [W x : Z/*], and similarly, we have d^f\l) = 

[Z^ : L^\d x ,{\) = [Z X -.L"]. 

As a g-analogue of Theorem 1.13 and Theorem 1.17, we have the following 
product formula for g-decomposition numbers. 

Theorem 1.19 ([W, Th. 2.8, Th. 2.14]). For A,/i G A + such that a p (X) = a p (/j,), 
we have 

9 

d\M) = d\M = Y[d xll]fMb] (q). 

i=i 

2. Product formula for the canonical bases of the Fock space 

2.1. In the remainder of this paper, we basically follow the notation in Uglov 
[U]. First we review some notations. Fix positive integers n, /. Let 11' = {A = 
(A^, • • • , A^)} be the set of /-partitions. Take an /-tuple s = (si, • • • , si) G Z\ 
and call it a multi-charge. Let U q (si n ) be the quantum group of type A^}_ v The 
g-deformed Fock space F q [s] of level / with multi-charge s is defined as a vector space 
over Q(g) with a basis { | A, s) | A G II'}, equipped with a Z7,j(.s[ n )-module structure. 
The U q (sl n ) -module structure is defined as in [U, Th. 2.1], which depends on the 
choice of s. 

2.2. Put s = S\ + • • • + si for a multi-charge s = (s 1 , • • • , si). Let P(s) be the 
set of semi-infinite sequences k = (k\, k 2 , ■ ■ ■ ) G Z°° such that ki — s — % + 1 for all 
% > 1, and P++(s) = {k = (h, k 2 , ■ ■ ■ ) G P(s) \h> k 2 > ■■■}. For k G P(s), put 
M k — ^fci Aiifc 2 A • • • , and call it a semi-infinite wedge. In the case where k G P ++ (s) 
we call it an ordered semi-infinite wedge. 

Let A s+ ~ be a vector space over Q(g) spanned by {w k | k G P(s)} satisfying 
the ordering rule [U, Prop. 3.16]. By the ordering rule any semi-infinite wedge 
can be written as a linear combination of some ordered semi-infinite wedges. It is 
known (cf. [U, Prop. 4.1]) that A s+3 ^ has a basis {u^ \ k G P ++ (s)}. 

The vector space A s+ ~ is called a semi-infinite wedge product. By [U, 4.2], A s+ ~ 
has a structure of a U q (sl n ) -module. Let Z'(s) = {s = (s 1; • • • , s t ) G Z l \ s = s i}- 
Then we have 

(2.2.1) A s+ ^ ~ Fjs] as U q (sl n )-modu\es. 

Thus we can regard F g [s] as a U q (sl n ) -sub module of A s+S ? . The isomorphism in 
(2.2.1) is given through a bijection between two basis {u^ \ k G P ++ (s)} and 
{|A, s) | A G II ! , s G Z'(s)} as in [U, 4.1]. Identifying these bases, we write = |A, s) 
if | A, s) corresponds to u^. 

2.3. For later use, we explain the explicit correspondence <-> |A,s) given 
in [U, 4.1]. Assume given w k . Then for each i G Z>i, ki is written as ki = ai + 
n(6j — 1) — filmj, where a, G {1, . . . , n}, bi G {1, . . . , /} and G Z are determined 
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uniquely. For 6 G {1, ...,/}, let kf 1 be equal ai — nrrii where % is the smallest number 
such that bj = b, and let be equal aj — nrnj where j is the next smallest number 
such that bj = b, and so on. In this way, we obtain a strictly decreasing sequence 

= (k^\ k^\ • • • ) such that kf^ = s^—i+l for i ^> 1 for some uniquely determined 
integer Sb- Thus G P ++ (sb), and one can define a partition X^ = (Xf\ Xf\ . . . ) 
by = kf^ — Sb + i — 1. We see that Sb = s, and we obtain A = (A^, . . . , A^) 
and s = (si, . . . , s/). Wk — ► |A, s) gives the required bijection. 

Note that the correspondence u k (&) <-> |A^,s 6 ) for each 6 is nothing but the 
correspondence A Sb+2 ^ ~ Fjs 6 ] in the case where F q [s b ] is a level 1 Fock space with 
charge s&. 

2.4. In [U], Uglov defined a bar-involution — on /l s+j ? by making use of the 
realization of the semi-infinite wedge product in terms of the afline Hecke algebra, 
which is semi-linear with respect to the involution q ^ q^ 1 on Q(q), and commutes 
with the action of U g (sl n ), i.e., u ■ x = u ■ x for u E U q (sl a ),x E A s+3 ^ (here u is 
the usual bar-involution on U q ($l n ) ). We give a property of the bar- involution on 
A s+ ^~ , which makes it possible to compute explicitly the bar-involution. 

For k E P ++ (s), we have 

(2.4.1) u£ = u kl A u k2 A • • • A u kr A u kr+1 A u K+2 A • • • 

for any r ^> 1. Moreover, for any (k±, k 2 , ■ ■ ■ , k r ), not necessarily ordered, we have 

(2.4.2) u kl A u k2 A • • • A M fcr = a(q) u kr A---Au k2 A u kl 

with some a(q) E Q(q) of the form ±q a . The quantity a(g) is given explicitly as in 
[U, Prop. 3.23]. Thus one can express u k by the ordering rule as a linear combination 
of ordered semi-infinite wedges. 

The bar-involution on A s+ ~ leaves the subspace F g [s] invariant, and so defines 
a bar-involution on the Fock space F g [s]. Let us define C + (resp. C~) as the Q[q\- 
lattice (resp. Q[g _1 ]-lattice) of A s+S f generated by {|A, s) | AG II', s G Z l (s)}. Under 
this setting, Uglov constructed the canonical bases on F q [s] . 

Proposition 2.5 ([U, Prop. 4.11] ). There exist unique bases {^ + (A, s)}, {Q~(X, s)} 
of F q [s] satisfying the following properties; 

(i) 0+(A^) = 0+(A,s), <F(A^) = 0-(A,s), 

(ii) G + (X, s) = |A, s) mod qC + , Q (A, s) = |A, s) mod q 1 C , 

2.6. We define A^(q) E Q^ 1 ], for A, fi E U l , by the formula 

g ± (\,s)=Y,A% l (q)\vi,B). 
Men' 

Note that Af^q) = unless |A| = \fi\. 

For A G II', s = (si, . . . , Si), and M E Z, we say that |A, s) is M-dominant if 
Si — s i+ i > M + |A| for i — 1, . . . , I — 1. 
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Remark 2.7. Let S(A) be the cyclotomic f-Schur algebra over R with parameters 
v, Qi, ■ ■ ■ , Qi. We consider the special setting for parameters as follows; R = C and 
(v;Qi,. . Qi) = (£; £f, . . . , £ Sl ), where £ = exp(27ri/n) G C and s = (si, . . . , s t ) is 
a multi-charge. For A = (A^, . . . , A®) G II', we define an /-partition A* by 

At = ((A«)',(A^ 1 ))' ) ... ) (A( 1 ))')), 

where (A^)' denotes the dual partition of the partition A^. Recall that d\^{q) G Z[g] 
is the ^-decomposition number defined in 1.18. In [Y], Yvonne gave the following 
conjecture; 



Conjecture I: Assume that | A, s) is 0-dominant. Then we have 

d x ,(q) = A+ x ,(q)- 

By specializing q — 1, Conjecture I implies an LLT-type conjecture for decomposi- 
tion numbers of S(A), 



Conjecture II: Under the same setting as in Conjecture I, we have 

[W X :L% (A) = A+ X1 (1). 

In the case where / = 1, i.e., the case where S(A) is the f-Schur algebra associ- 
ated to the Iwahori-Hecke algebra of type A, Conjecture II was proved by Varagnolo- 
Vasserot [W]. It is open for the general case, I > 1. Concerning Conjecture I, it is 
not yet verified even in the case where 1 = 1. 



2.8. Fix p = (Zi, . . . ,l g ) G Z> such that Yli=i h = I as i n 1-4- For % — 1, . . . , g, 
define by sW = («!,..., sjj, s' 2 ' = (s [l+1 , . . . , S[ 1+ i 2 ), and so on. Thus we can 
write s = (s^, . . . , s^). For each A G IT', we express it as A = (A^, . . . , A^) as in 
1.4. Recall the integer a p (A) in 1.4. We have a p (\) = a p (/i) if and only if |A| = \fi\ 
and |A^| = \ for % = 1, . . . , g. 

Let F 5 [s^] be the g-deformed Fock space of level U with multi-charge s^, with 
basis {|AW,sH) | A'*' G II /l }. We consider the canonical bases {Q ± (X^,s^) | A' 2 ' G 
U k } of FjsW]. Put 

C? ± (AM,sW)= E^m(9)I^ sW > 

with (j] (5) G Q[g ±1 ]. The following product formula is our main theorem, 

which is a counter-part of Theorem 1.19 to the case of the Fock space, in view of 
Conjecture I. 
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Theorem 2.9. Let X,/jleU 1 be such that | A, s) is M -dominant for M > 2n, and 
that %,(A) = otp(ii). Then we have 

i=i 

As a corollary, we obtain a special case of Conjecture II (though we require a 
stronger dominance condition for |A, s)). 

Corollary 2.10. Let \,/j,eU l be such that |A^| = for i = 1, . . . ,/. Assume 
that | A, s) is M- dominant for M > In. Then we have 

[W X :L% (A) = A+ Xt (l). 

Proof. Take p = (1, . . . , 1). Then we have A^ = A« for % = 1, . . . , g = I, and S(A Ni ) 
coincides with the v-Schur algebra of type A. By applying Theorem 1.17 or Theorem 
1.19, we have 

[W>:L% {A) =f[[W^ -.L^js^. 

i=i 

Also, by applying Theorem 2.9, we have 

i 

^ + ut(l) = n^« mW y(l)- 

i=i 

On the other hand, we know |W<A W ) : L^ (i) ]s(a n .) = ^(^wy^MyW by a resm t of 
Valagnolo-Vasserot (see Remark 2.7). The corollary follows from these formulas. □ 

2.11 Clearly the proof of the theorem is reduced to the case where g = 2, 
i.e., the case where A = (A^, A^), etc. So, we assume that p = (Zi,/ 2 ) = (t, I — t) 
for some t E Z >0 . We write the multi-charge s as s = (sW,s[ 2 l), and consider the 
g-deformed Fock spaces F g [s^] of level U with multi-charge sW for i — 1,2. We have 
an isomorphism F ? [s] ~ Fjs' 1 '] ® F 9 [s' 2 '] of vector spaces via the bijection of the 
bases |A,*)<-> |A [l1 , s [11 )<8)|A [2] , s [2] ) for each A = (AW,A [2] ) e n'. For s G Z'(s), put 
s' — si + • — h St, s" = St+i + • • • + si. Under the isomorphism in (2.2.1) we have 

^+?~ FjsW], A°"+f^ FjsPl]. 
Then we have an injective Q(g)-linear map 

(2.11.1) A s ' + f ® A s "+f ~ FjsW] ® F^] -> F,[s] ~ A s+ f 

sWez'ifs') se1 l (s) 
sl 2 ]&h( s ") 
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via |A [1] ,s [11 )®|A [2] ,s [21 )^ |A,s). We denote the embedding in (2.11.1) by $. 

2.12. For A,/i G IT', we define a(A) > a(^) if |A| = and > \^\. Note 
that this is the same as the partial order a p (A) > a p (/x) defined in 1.5 for the case 
where p = (Zi,^)- We have the following proposition. 

Proposition 2.13. Assume that -u k = |A, s) is M-dominant for M > 2n. Under the 
embedding <3> : A s ' +S ? (g> A s " +S ? — > /T +i f in 2.11, we have 

\^)=\m^)®w^) + E «A,j/i,s) 

a(A)>a( M ) 



2.14. Proposition 2.13 will be proved in 3.11 in the next section. Here assuming 
the proposition, we continue the proof of the theorem. We have the following result. 

Theorem 2.15. Assume that |A, s) = |A [1] , s [11 )®|A [2] , s [2] ) is M-dominant for M > 
2n. Then we have 

^(A,s) = ^(AW,sW)®^ ± (A[ 2 ] ! s [2] ) 

+ E ^vv i] )®0VV 2] ) 

Men ; 

a(A)>a( M ) 

with e Qlq* 1 ]. 

Proof. Throughout the proof, we write A^ H ^ (q) as A^ ^ for simplicity. Since 
^ ± (A[ 1 l,s [11 )®^ ± (A [2l ,s[ 2 ]) 

_ \^ Adz I [1] [l]v~ Adz I [2] [2]V 

= E A aW^w A a[2]^[2] l^' s )' 

we have, by Proposition 2.13, 

^(AWs^^^W 21 ) 

= E A Aii]^m A A[2]^[2] l/^ s ) 
AtGn ; 

a( M )>a(i/) 

= ^±(Am,sm)®^±(A[ 2 ],s[ 2 ]) 
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+ E { E a^l^.sWj^li/M.sM)}. 

//en' i/en* 

a( M )>a(i/) 



By the property of the canonical bases, we have Q ± (\^,s^) = ^ ± (A^,s^) for % = 
1,2. Note that, |A H | = |/^| if A± w M ^ for i = 1,2. Moreover, a vector \h>W,s®) 

can be written as a linear combination of the canonical bases G ± {k [1 \ s^) such that 
_ j^Wj f or i — i 2. Hence we have 

^ ± (AW,sW)®^ ± (A[ 2 ],s[ 2 ]) 

(2.i5.i) = ^ (A [i] )S [i] )0 ^ (A [2] )S [ 2])+ &*sVV 1] )®sVV 21 ) 

a(A)>a( M ) 

with fe'^ G Q[g, g -1 ]. Thus one can write as 

Men' 
ImI=|A| 

with G Q[<7, g -1 ], where the matrix (-R^) ia|-|^| * s un itriangiilar with respect to 
the order compatible with a(A) > a(/i) by (2.15.1). Thus, by a standard argument 
for constructing the canonical bases, we have 

^(A,s)=^(AW,s [1] )®^(A [2l ,s[ 2 ]) 

+ E ^evv^evv 21 ), 

a(A)>a( M ) 

with 6j M g Q[g ±1 ]. This proves Theorem 2.15. □ 



2.16. We now prove Theorem 2.9 in the case where g — 2, assuming that 
Proposition 2.13 holds. Assume that |A, s) is M-dominant for M > In. Since 
0(AN,sN) = E M [i] e n'< ^J] )A1 hIa* W ,s W ), h follows from Theorem 2.15 that 

^(A,s)= E ^w, M w^],^]l^ s )+ E %>,s>. 

«pW = <*p(M) a(A)>a( M ) 

Since a p (A) = a p (/x) is equivalent to a(A) = a(/i), this implies that for any \i G IT' 
such that aip(A) = « p (/i), 

(2-i6.i) A t^ = A %^A^ A ^A^- 

This proves Theorem 2.9 modulo Proposition 2.13. 
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Remark 2.17. By [U, Th. 3.26], £^(q) can be interpreted by parabolic Kazhdan- 
Lusztig polynomials of an affme Weyl group. So, Theorem 2.9 gives a product 
formula for parabolic Kazhdan-Lusztig polynomials. It would be interesting to give 
a geometric interpretation of this formula. 

3. Tensor product of the Fock spaces 

3.1. In this section, we prove Proposition 2.13 after some preliminaries. The 
proof will be given in 3.11. For a given = |A, s), we associate semi- infinite 

sequences k( b ) = (kf\ k 2 \ ■ ■ ■ ) G P ++ (st) for b = 1,...,/ as in 2.3. For b G 
{1, • • • , 1} and k G Z, we put 

(3.1.1) 

^a+n(b— 1)— nlmi 

where a G {1, • • • ,n} and m G Z are uniquely determined by k = a — nm. For 
a positive integer r, put k r = (hi, k 2 , • • • , K). Then can be written as = 
u k r A Uk r +i A Uk r +2 A • • • , where u^ r = A • • • A u kr G /T, which is called a finite 
wedge of length r. We also define a finite wedge w k + G /T for a sufficiently large r 
by 

(3.1.2) Aii$, A.-.AuJJ, 

with -u^) = A • • • A u^ (i) for i = 1, . . . , /, where each is sufficiently large and 

r = T\ + • • • + ri. Then in view of 2.3, we see that w k + is obtained from by 
permuting the sequence k r . Moreover, u,(b) A • • • A u,(b) is the first r b -part of the 

wedge u k (6) corresponding to \\( b \sb) (under the correspondence for the case / = 1 
in 2.3) for each 6 = 1,...,/. 

Note that u k + is not necessarily ordered in general, and it is written as a linear 
combination of ordered wedges. But the situation becomes drastically simple under 
the assumption on M-dominance. We have following two lemmas due to Uglov. 

Lemma 3.2 ([U, Lemma 5.18]). Let b 1: b 2 G {1, . . . , 1} and a 1: a 2 G {1, . . . , n}, and 
assume that b x < b 2 , a\ > a 2 . For any m G Z ; t G Z> 0; put X = u^l nrn Aw^ 6l 2 nm _i A 
• • • A u^l nm _ t . Then there exists c G Z such that the following relation holds. 

X A u (b2) = a c u {h2) A X 

^ ls a a 2 -nm H u a 2 -nm /x ys -- 

Lemma 3.3 ([U, Lemma 5.19]). Take A G II' and s G Z'(s), and assume that |A,s) 
is ^-dominant. Then under the notation of 2.3, we have 



|A, s) = u k = (u fcl A M fc2 A • • • A M fer ) A M fcr+1 A M fer+2 A 
= 9" Cr(k) A M fcr+1 A M fcr+2 • • • 

where c r (k) = (j{l ^i<j^r\bi>bj,ai = a,-}. 
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3.4. Returning to the setting in 2.11, we describe the map $ in terms of the 
wedges. Take = | A, s), and assume that |A, s) is 0-dominant. Then by Lemma 
3.3, we can write as 

(3.4.1) u k = (u% A • • • A u%) A A ■ • • A u%) A u r+1 A • • • , 

r l r t r t-\-l r l 

where r±, . . . , r; are sufficiently large. Let u' k , (resp. u k „) be the ordered wedge in 
j\s+ ! § (resp. in A s +2 ^) corresponding to jA' 1 ', s^) (resp. \\^ 2 \s^)). Since |A, s) is 
0-dominant, | A^, s^) is 0-dominant for i = 1,2. Hence again by Lemma 3.3, we have 

(3 ' 4 ' 2) <" = 1- cMk " ] «JU A • • • A ) A<„ +i A ■ ■ ■ , 

Kr t+1 Kr i 

where r' = ri + • • • + r t and r" = r t +i + • • -rj. Thus, in the case where |A, s) is 
0-dominant, the map $ : u' k , ® -u^" i— > Mk is obtained by attaching 

M ' k « A --- AM ' k |^ M k l) A '-- A ^) 
« ff SUA---A«^^„^l ) A...A«« 

and by adjusting the power of q. 

3.5. We are mainly concerned with the expression as in the right hand side of 
(3.4.1), instead of treating Uk directly So we will modify the ordering rule so as to 
fit the expression by u k h \ Recall that vfj® = Wa+n(6-i)-n2m i n (3.1.1). We define a 
total order on the set {u^ \ b G {1, . . . , I}, k G Z} by inheriting the total order on 
the set {uk \ k G Z} ~ Z. The following property is easily verified. 

(3.5.1) Assume that uff = u ai+n ^iy n i mi for i = 1,2. Then uff < uf^ if and 
only if one of the following three cases occurs; 

(i) mi < m 2 , 

(ii) mi = m 2 and b\ > b 2 , 

(iii) mi = 1712, b\ = b 2 and a± > a 2 . 

Under this setting, the ordering rule in [U, Prop. 3.16] can be rewritten as follows. 

Proposition 3.6. (i) Suppose that u k b ^ < u k b ^ for b±, b 2 G {1, • • • , I}, ki,k 2 G 
Z. Let 7 be the residue of k\ — k 2 modulo n. Then we have the following 
formulas. 

(Rl) the case where 7 = and b\ = b 2 , 

JP2) A J^) - _JM A Jf») 

a k 2 A u ki ~ u k l A a k 2 ' 
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(R2) the case where 7 7^ and bi = b 2 , 
«?>A«f> = - ? - 1 «£ l) A«?) 



+ r 2 - 1) E t^V™ a «< 



.(62) 

fc2+7+«Tt 

m>0 



f -2 ~ 2m+1 M (fel) A U ib2) 

Vi L ) 2-^1 ^ U k 1 -nm A " 



ki—nm fc2+nm' 

m>l 



(R3) £ne case where 7 = and 61 7^ 6 2 > 



+tf-i)E« 2m "r„A<')„ m 



+ o? 2 -i)$> 



- 2m+1 n[ 6l) A m[ 62) 



ki—nm k2+nmi 
m>l 



(R4) £/ie case where 7 7^ and 61 7^ 6 2 > 



+ f _ a -i) V ^ ^ >-u (bl) A n (fe2) 

+ KM <d ) ( n 1 n -\\ U k 1 --y-nm A "* 



_|_ g~l) "fci-7-nm u, fc 2 +7+nm 

/„2ra+l 1 „-2m— 1\ 

+ f _ -i) V ^ ^ >-u {b2) A n (M 

T W y J (g _|_ o-l) "fcl-nm A "fe 2 +nm 

m>e 

( „2m „—2m\ 

+ (n - n' 1 ) V (g ~ 9 V b2) A n (M 

^ W H ) („ _|_ „-l) "fci-7-nm A "fe 2 +7+nm 

m>e 

( „2m „—2m\ 

+ ( a - n- 1 ) V (g ~ 9 a n (b2) 

m>l ^ ' 

where in the formula (R3) and (R4), 



e 



1 ifh<b 2 , 
> 62. 



Tae sums are taken over all m such that the wedges in the sum remain 
ordered. 

(ii) For a wedge uf^ A A • • • A above relations hold in every pair of 

adjacent factors. 

Remark 3.7. The ordering rule in the proposition does not depend on the choice 
of It depends only on k±, k 2 and whether b\ = b 2 or not. This implies the following. 
Assume that p = (t, I - t), s = s' + s" and u'f e A s '+^, u"f e A s "+^ as before. 
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Then if bi, b 2 G {1,2, .. . , t}, the ordering rule for uff < uff is the same as the 
rule for v! f 2) < u'g . Similarly, if 61, b 2 G {* + 1, . . . , 1} the rule for ug < ug is 
the same as the rule for u"f 2 ~^ < m"^ 1 ^- 

We show the following three lemmas. 

Lemma 3.8. Let M be an integer such that M > In. Assume that = |A, s) 
is M-dominant. For b G {1, • • • , 1} and i G Z, p«£ fc^ = — « + 1 + A^ = 
af^ — nmf (a- 6 '' G {1, • • • , n}, mf" 1 G Z). Fzx 61, b 2 G {1, • • • , 1} such that b\ <b 2 . 
For kf 2 \ let a(i) be the smallest j such that u ^(b 2 ) > U ^(H)- Then we have 

« A<$=0. 
(ii) fc<$ = n-nro< h >. 

Proof. Let £([/,) be the number of non-zero parts of a partition /i. We put p = 
l(\( blS) ) + I. In order to show (i), it is enough to see 

(3.8.1) a p 6l) + n(6i - 1) - nlm^ > af 2) + n(6 2 - 1) - nlmf 2) 

In fact, by (3.8.1), we have u^tj) > ^ 6 (&j) since > ^fe) > u ^%i)- This implies 

that p < a(i). Since A p 6 ^ = 0, we have A^j = 0. 
We show (3.8.1). If we put 

X = (4 6l) + n(6i - 1) - n/m p 6l) ) - (af 2) + n(6 2 - 1) - nZmf 2) ), 

we have 

(3.8.2) X = /{(4 6l) -nm p 6l) ) - (af 2) - nmf 2) )} 

-(Z-lX^-a^-n^-fcx). 

Since 

A;f 2) = Sfe2 + AS 62) = aS 62) -nmf 2) , 
fcfr) = Sbl - £(A (6l) ) = a p 6l) - mj 1 ', 

by replacing af 2 ^ — nrnf 2 ^ by S{, 2 + \ f 2 \ and similarly for — nrrip 1 ^ in (3.8.2), 
we see that 

X = l{ (s bl - £(X^)) - {s b2 + Af 2) ) } - (Z - l)(a p bl ) - af 2) ) - n(6 2 - h) 

= l(s bl - s b2 ) - J(€(A<*>) - Af 2) ) -(I- l)(< l} - a ( t 2) ) - n{b 2 - h) 
> l(s bl — s b , 2 ) — l\X\ — In — nl 
= l{(s bl -s b2 )-(\X\ + 2n)}. 
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Since M > 2n, we have s bl — s b2 > \X\ + M > \X\ + 2n, and so X > 0. This proves 
(3.8.1) and (i) follows. 

Next we show (ii). By definition, a(i) is the smallest integer j such that 

af 2) + n(b 2 - 1) - nlmf 2) > af l} + n(h - 1) - nlmf l] . 
If for a G {1, ... , n} amd m G Z, 

(3.8.3) of 2) + n(6 2 - 1) - nlmf 2) > a + n(&i - 1) - n/m, 

then we have fc p bl ^ > a — nm by (3.8.1) and (3.5.1). Note that kf 1 ^ = af 1 ^ —nmf 1 ^ = 

s bl -j + l + Xf l] and \f l] = for any j > p. It follows that fc^j = fc£ bl) - j for 

an y j > 1- Hence there exists an integer j > 1 such that fc p +] = a — nm. This 

means that is the largest integer a — nm for a G {1, ... , m}, m G Z satisfying 

the inequality (3.8.3). Clearly, a — nm = n — nmf 2 ^ is the largest, and we obtain 
(ii). □ 

Lemma 3.9. For b±,b 2 G {1, • • • ,1} such that b\ < b 2 , and k±,k 2 G Z such that 
u^f < ufp , we have 

(3.9.1) A «£> = fe) «2° A < 2) + £ k> 2 ) A ng 2) 

k 1 >k' 1 ,k' 2 >k 2 

with a(ki, k 2 ), a(k[, k' 2 ) G Q[q, q^ 1 ]. 

Proof. Put ki = a,i — nrrii for % = 1,2, where Oj G {1, • • • , n}, mi G Z. First assume 
that a! = a 2 . By the ordering rule (R3) in Proposition 3.6, we have 



^l 6 l™A^ 6l) 



(3.9.2) m > x 

— 1— f 2 -2m+l (6i) a (62) 

^ W ^ « U k 1 -nm A a k 2 +nmi 

rn>l 



and the only ordered wedges appear in the sums. Note that ai = a 2 , &i < &2 
and m > 1. Then in the second sum, the condition u^]_ nm > wj^+mn implies that 
ki > ki — nm > k 2 + nm > A; 2 by (3.5.1). It follows that the terms in the second 
sum are all of the form A wjj 2 ) as j n (3.9. 1). On the other hand, in the first 

sum, the condition uf 2 l nm > n^+nm implies that k\ > k\ — nm > k 2 + nm > k 2 by 
(3.5.1). Hence if k\ — k 2 < 2n, the terms uf 2 l nm Au^] nm do not appear in the sum. 
So assume that k\ — k 2 > In. We apply the ordering rule (R3) to wj^+nm A uf 2 l nm , 
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and we obtain 



(3-9.3) < 2 2 nm A ut: ] +nm = q- l ut:lnm A <t m + X 1 + X 2 , 

(M A „.(&i) 



where X\ (resp. X 2 ) is a linear combination of the wedges u k *_ nm , A u k ^ nm , (resp. 
^fci-nm' A u k2+nm') w ^ n m ' > m - Note tnat h > k 2 + nm and — ?im > fc 2 , and 
so ufzlnm A u k b ^_ nm is of the form A uj^) in (3.9.1). We can apply the same 

procedure as above for replacing u k b ^_ nm , A u k b ^ nm , in Xi by the terms A uj^ 2 ) 
and other terms. Repeating this procedure, finally we obtain the expression as in 
(3.9.1). Note that since 2n < k[ — k' 2 < k\ — k 2 for k[ = k\ — nm and k' 2 = k 2 + nm, 
this procedure will end up after finitely many steps. 

Next consider the case where a\ ^ a 2 . In this case we apply the ordering rule 
(R4). Then one can write as 



u 



t ] A ut ] = ut ] A ut ] +X 1+ X 2 + X 3 + X 4 , 



where X ± , . . . ,X 4 are the corresponding sums in (R4) with e — 1. For X 1 ,X 2 ,X 4 , 
similar arguments as above can be applied. So we have only to consider the sum 
X-i which contains the terms of the form u^ 2 \ mm A u^ 1 }^ ,„ m - In this case, the 

condition u k b ^_ nm > u k b ^ +1+nm implies that (fcj-nm) - (k 2 +nm) > a l -a 2 > -n, 

and so k x -k 2 > n(2m - 1). Hence, if h - k 2 < n, the terms M^ 2 2 7 _„ m A u k b ^ +nm 
do not appear in the sum. If k\ — k 2 > n, we can apply a similar argument as before 
by using the ordering rule (R4). Thus we obtain the expression in (3.9.1) in this 
case also. The lemma is proved. □ 



Lemma 3.10. Assume that = |A,s) is M-dominant for M > In. For b G 

{1, • • • , 1} and i G Z, put kf ] = s b - % + 1 + \ {b) . Then for d G {t + 1, t + 2, • • • , 1} 
and i G Z, we have 

U % A ( U % AU % A ' ' ' A u% A A ••• A u% A ««) 



V t -1 ^1 ft ' r t-l 



= «(«$> A ti « , A •■• A «W A A ••■ A A ««) A + Yl, 



where a G Q[?, ? x ] ared ^i a Q[g, g ^-linear combination of the wedges of the 
form 

i u z(t) A u ~(t) A--- A 4^) A^ (d) /or ;f ») £ Z r ' X Z 

fc rt ft T- t -l fc l 1 

under the condition 



kU + --- + kV>kU + --- + k?, kf } <k 



(d) 

i 
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Proof. Put = a>i — nrrii. Let a(i) be the smallest j such that u^f d) > u^ t) . Since 

d > t, by applying Lemma 3.8, we have k^ = n — nm; and A^ = 0. Thus, we 
have 



u%A(u%A...Au% A«W) 

K i 'S <*(«) + ! <r(i) 



(d) A fu (t) A • • • A u (t) A m W 1 



Using the formula obtained by applying the bar-involution on the formula in Lemma 
3.2, we have 



u 



%A(«« A.-A«« A«« ) 



" r t o-(i) + l <r(i) 



(d) 



with /3 e Q[g,g -1 ]. Since 

w ,(d) < u ,(t) < • • • < using Lemma 3.9 repeatedly, 

we have 



u 



K i CT(i) + l K a(i) K l 

= A--- A A«W)A«« A(«2l, A...Ai$,) 

" r t o-(i) + l cr(i) R i CT(i)- 1 1 

= j 9(««A...A««)A«^+lY, 

where /3 e Q[g, q" 1 } and Y"/ is a Q[q, g _1 ]-linear combination of the wedges of the 
form 



(u% A ••• A u%) A for (*W . . . , fcW; *f) E Z r * x Z, 



under the condition 

Thus repeating this procedure for t — 1, . . . , 1, we obtain the lemma. □ 



3.11. We now give a proof of Proposition 2.13. Since |A, s) is M-dominant, we 
can write, as in 3.4, that 

|A, s) = (u kl A ••• A u kr ) A u kr+1 A u kr+2 A • • • 

= (3(u% A ••• A u%) A M fer+ i A u kr+2 A • • • , 
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where (3 G Q[q, q^ 1 ] and r is sufficient large. By (2.4.1), we have 



| A, s) = (u kl A • • • A u kr ) A M fer+1 A u kr+2 A 



= /3 (u^j A • • ■ A u^ ) A M fer+ i A M fer+2 A 

By (2.4.2), we have 



a • • • a «2«> 



1 ' i 2 1 

with /3' G Q[q, q^ 1 ]. By using Lemma 3.10 repeatedly, we have 

(u% A -.. A A u<$l) A (u% A -.. A u% A u%) 

= (3" (u% A--- u% A u%) A («« A -.. A A + F, 

where /3" G Q[q, q' 1 ], and F is a Q[g, g _1 ]-linear combination of the wedges of the 
form 



(v (t) A •■• A 7/ (1) 1 A r7v (0 A ■•■ A 7; (m) 1 for i " ' ' ^ G ^ 

^ A A j A ^ A A ^ t+1) j tor j ~ ? ^ ~j t+1) ) ^ ^ 



under the condition 



fc « + ... + Jb W > fc(i) + ... + fcW 

1 ' ' j fc(^) + ... + fc (;)<fc^) + ... + igj). 



We claim that 



(3.11.2) The wedges appearing in F is written as a linear combination of the wedges 
■Uh = !/-£, s) such that a(A) > a(/i) for /x G H l . 

We show (3.11.2). By using the ordering rule, u~^ t) A ■ ■ ■ Au~^ (resp. u~J t) A ■ • • A 

can be written as a linear combination of the wedges A ■ ■ • A i/*( t) (resp. 

A -.. A u^ (l) ) with = u^ (i) A -.. A Proposition 3.6 says that the sum 
of the indices is stable in applying the ordering rule. Hence we have 



(3.11.3) 



fcf +1) + -.. + ^ = M m) + ... + ^. 
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Recall that kf ] = s b - % + 1 + xf } . We define // G n' by setting hf ) = s fe - i + 1 + /if } 
for any i,b, and write it as /J, — (//M,/^ 2 '). Then (3.11.1) and (3.11.3) imply that 
|AM| > Also we note that |A| = \fi\ since 

k? + ... + ki l ^k? + ... + ki l ^h? + -.. + hil 

Hence we have a(A) > a(/i). Moreover, by using (3.4.1), we see that {u^ 1} A ■ • • A 
A «fe r+ i A • • • coincides with w h = s) up to scalar. Thus (3.11.2) is proved. 
Now as noted in Remark 3.7, the ordering rule for u^ t) A ■ ■ • A regarded as 

an element in A s+3 %~ or as an element in A s ' +S ^ , is the same. Hence under the map 
$, u'^i, A • • • A t/ 1 ^ (resp. u"^ A • • • A u"^) corresponds to u {t) (t) A • • • A 

Ic<p_j_ ^1 ^1 

(resp. A • • • A i/*^). It follows that 

(A A • • • Au%) A (ug, A • • • A uf^Ji) A u r+1 A w r+2 A • • • 

•vT-fc \ I 1 

with some a G Q[?, Summing up the above arguments, we have 
(3.11.4) p=«W)®W)+ E «A,J/i,s) 

Men' 

a(A)>a( M ) 

with o;,q;a^ G Q[g, g^ 1 ]. Since the coefficient of |A,s) in the expansion of |A, s) in 
terms of the ordered wedges is equal to 1, and similarly for |AW,sW), IA^s^), we 
see that a = 1 by comparing the coefficient of |A, s) = |AM, s' 1 ')®^ 2 ', s' 2 ') in the 
both sides of (3.11.4). This proves the proposition. 

References 

[DJM] R. Dipper, G. James and A. Mathas; Cyclotomic q-Schur algebras, Math. Z. 229, (1998) 
385 - 416. 

[DR] J. Du and H. Rui; Based algebras and standard bases for quasi-hereditary algebras, 

Trans. Amer. Math. Soc. 350 (1998), 3207-3235. 
[GL] J.J. Graham and G.I. Lehrer; Cellular algebras, Invent. Math., 123 (1996), 1 - 34. 
[HS] J. Hu and F. Stoll; On double centralizer properties between quantum groups and Ariki- 

Koike algebras, preprint. 
[Sa] N. Sawada; On decomposition numbers of the cyclotomic g-Schur algebras, to appear in 

J. Algebra. 

[SakS] M. Sakamoto and T. Shoji; Schur-Weyl reciprocity for Ariki-Koike algebras, J. Algebra 
221 (1999), 293 - 314. 

[SawS] N. Sawada and T. Shoji; Modified Ariki-Koike algebras and cyclotomic g-Schur algebras, 
Math. Z. 249 (2005), 829 - 867. 

[SW] T. Shoji and K. Wada; Cyclotomic q-Schur algebras associated to the Ariki-Koike alge- 
bra, preprint. 



SHOJI 



D. Uglov; Canonical bases of higher- level (/-deformed Fock spaces and Kazhdan-Lusztig 
polynomials, in "Physical combinatorics (Kyoto 1999)" , Prog. Math. Vol.191, Birkhaiiser 
Boston, 2000, pp.249 - 299. 

M. Varagnolo and E. Vasserot; On the decomposition matrices of the quantized Scur 
algebras, Duke Math. J., 100 (1999), 267 - 297. 

K. Wada; On decomposition numbers with Jantzen filtration of cyclotomic g-Schur al- 
gebras, preprint. 

X. Yvonne; A conjecture for g-decomposition matrices of cyclotomic i>-Schur algebras, 
J. Algebra, 304, (2006) 419 - 456. 



